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7— I ' 

Non-Abelian strings exist in the color-flavor locked phase of dense QCD. We 
show that kinks appearing in the world-sheet theory on these strings, in the form 
of the kink-antikink bound pairs, are the magnetic monopoles — descendants of 
the 't Hooft-Polyakov monopoles surviving in such a special form in dense QCD. 
Our consideration is heavily based on analogies and inspiration coming from certain 
supersymmetric non-Abelian theories. This is the first ever analytic demonstration 
that objects unambiguously identifiable as the magnetic monopoles are "native" to 
non-Abelian Yang-Mills theories (albeit our analysis extends only to the phase of the 
monopole confinement and has nothing to say about their condensation). Technically 
our demonstration becomes possible due to the fact that low-energy dynamics of the 
non-Abelian strings in dense QCD is that of the orientational zero modes. It is 
described by an effective two-dimensional CP(2) model on the string world sheet. 
The kinks in this model representing confined magnetic monopoles are in a highly 
quantum regime. 



1 Introduction 



Despite a huge number of works attempting to treat the monopole condensation in 
Yang-Mills theories as the quark confinement mechanism, the very notion of the 
magnetic monopoles remains obscure in QCD: a clear-cut gauge invariant framework 
for their description and analysis is still absent. This is in contradistinction with a 
remarkable progress in supersymmetric Yang-Mills theories where in 1994 Seiberg 
and Witten analytically proved, for the first time ever, that the dual Meissner effect 
does take place in a certain model, chromoelectric flux tubes do form, and quark 
confinement ensues [I]. Further explorations in this area led people to such finds 
as the non-Abelian flux tubes [21 [3] and confined magnetic monopoles [U [5] in a 
well-defined and fully controllable setting. 

In this paper we demonstrate that confined non-Abelian magnetic monopoles 
can be identified in a well-defined manner in high-density QCD. The very issue of 
flux tubes in high-density QCD [6j [7J [SJ [9] is the result of crossbreeding of two 
recent developments: the discovery of non-Abelian flux tubes in supersymmetric 
gauge theories [21 El El E] (for a review see pUl [HI [L21 13]) and the color-flavor 
locked (CFL) phases in QCD with a nonvanishing chemical potential \i [Ml [15]. In 
principle, non-Abelian flux tubes in dense QCD can show up either in quark-gluon 
plasma or neutron stars. Leaving aside experimental identification issues we argue 
that sufficiently long flux tubes (strings) of this type support kink-antikink pairs in 
stable "mesonic" states. The kinks, in their turn, can be shown to represent the 
magnetic monopoles in the confined phase. By the confined phase we mean that 

(i) the monopoles cannot be disassociated from the strings attached to them; and 

(ii) the monopole-antimonopole pairs are confined along the string, while the parent 
QCD per se is in the CFL phase. It is not ruled out that dualizing this picture a la 
[j~6] we could arrive at a description of condensed dyons or monopoles. This latter 
aspect is left for a separate study. 

Large-/! QCD exhibits a rich phase structure of quark-gluon matter at weak 
coupling. With high enough chemical potential /i >A, the theory supports color su- 
perconductivity due to the Cooper pair condensation of diquarks with the vanishing 
orbital momentum (for reviews see O [T5] ). Several superconducting phases are 
known which differ by the residual symmetry as well as the structure of the conden- 
sates. For instance, in the so-called 2SC phase in which only u and d quarks of two 
colors pair up [IT], the strange quark density plays no role, while at larger values 
of \x the color-flavor locked (CFL) phase is realized in which all three quark flavors 
condense, implying the complete breaking of the the non-Abelian global flavor group 
[IS] . In addition, all eight gauge bosons are Higgsed. At the same time, a diagonal 
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global SU(3) survives. 

It is the CFL phase of dense QCD which is the subject of our studies. Magnetic 
monopoles in this environment have been already mentioned (in the negative sense) 
in [7]. However, our conclusion — the presence of well-defined states of magnetic 
monopoles in the CFL phase of dense QCD — is opposite to what was advocated 
in [7J. The crucial additional element of our analysis which was absent in [7] is the 
existence of kinks on the world sheet of the non-Abelian strings that form in dense 
QCD. 

The paper is organized as follows. We briefly review the CFL phase of dense 
QCD (Section [2]) and the emergence of non-Abelian strings in this phase (Section Hj), 
formulate an effective Ginzburg-Landau description (Section [3]), and then proceed to 
the demonstration that kinks supported by the Ginzburg-Landau model are in fact 
distorted magnetic monopoles — descendants of the 't Hooft-Polyakov monopoles 
surviving in such a special form in the environment of dense QCD (Sections |5l |6] 
and [TJ. Section [8] is devoted to perfecting the simplified Ginzburg-Landau model of 
Section [3] to making it more realistic. In particular, in this section we introduce a 
nonvanishing mass for the strange quark. Section describes possible effects due to 
the 9 term. Finally, Section [TU] briefly summarizes our results. 

2 Color- Flavor- Locked Phase 

To begin with we briefly outline the structure of the CFL phase in dense QCD. 
The one-gluon exchange interaction results in nontrivial diquark condensates of the 
Cooper type 

(X fcC )oc<W0, (Y Ck ) oc S kC ^ , 

X kC = <£* q jBa e ijk sabc , Y Ck = q iAa qf B s ijk e ABC (2.1) 

where the small and capital Latin letters mark color and flavor, respectively, q a and 
q a are left-handed spinors; the first one is in the triplet representation of the color 
and flavor SU(3) groups, while the second one is in the antitriplet representation. 
The Dirac spinor of each flavor is composed of a pair (q a , q a ). Needless to say, the 
complex-conjugate condensates (-X^) , (Y') do not vanish as well. In the chiral 
limit, when m u ^,s — 0, the QCD Lagrangian is globally invariant under two chiral 
SU(3) symmetries. In addition, it is invariant under U(l) b and U(l) ^ where B marks 
the baryon number and A stands for axial. U(1) J 4 is anomalous; however, at large n 
the impact of anomaly is small and can be treated as a correction. 
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The X condensate transforms under SU(3)c-xSU(3)l while the condensate 
under SU(3)cxSU(3)r where SU^)^ are the global chiral groups associated with 
flavor. The condensates (12. lft . break all three groups; however, the diagonal vectorial 
SU(3)<7 + i? obviously survives. In addition, the X and Y condensates spontaneously 
break U(l)# and 11(1)^. Altogether we have 8+8+2 Goldstone bosons in the limit 
m u ,d,s = 0. The boson coupled to U(1)a is, in fact, a quasi-Goldstone. Since the vec- 
torial flavor SU(3) is unbroken, all Goldstones fall into representations of SU(3): two 
octets and two singlets. Dynamics in the CFL phase enjoy the properties of systems 
with superconductivity and superfluidity (due to the broken U(1)b symmetry). 

Out of eighteen Goldstone bosons eight degrees of freedom corresponding to the 
vector-like fluctuations are eaten by gluons via the Higgs mechanism. Hence we 
end up with two Goldstone mesons corresponding to the broken Abelian symmetries 
(U(l)s and XJ(1)a) and eight pseudoscalar Goldstones coupled to the axial SU(3) 
currents^ It is useful to introduce a gauge invariant order parameter 

E = 7I (2.2) 

which has the chiral transformation properties similar to those of the ordinary chiral 
condensate in QCD. The order parameter £ transforms nontrivially under action 
the axial singlet U(1)a charge. The eight mesons parameterizing the "phases" of the 
matrix E are 

S = |S| exp f 2i-^J (2.3) 

where T a are the SU(3) generators and F w is the "pion" constant. As for the absolute 
value of E, 

|E| oc ^ (2.4) 

g 

where Ao is the superconducting gap at zero temperature 

Ao oc/i (#(^)r 5 exp(c/#(/i)), (2.5) 
and g is the QCD coupling constant. Numerically fi is assumed to lie in the ballpark 

/I ~ 1 GeV 

considered to be large in the scale 

Aqcd ~ 200 MeV . 



supersymmetric theories all would-be Goldstones are eaten up by the Higgs mechanism 

01 1321 . 
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The value of the gap parameter A is 

A ~ 10 MeV . 

The CFL mesons have to be considered as four-quark states contrary to conven- 
tional two-quark Goldstone states in zero-density QCD. However, let us emphasize 
that the Goldstone mesons in the CFL phase have exactly the same quantum num- 
bers as the Goldstone mesons in QCD at at \i — 0. The coupling constant F n in 
(12. 3p is proportional [19] to fi, though. 

The electromagnetic U(1)q is broken by the condensates (12. ip . A closer look at 
these condensates shows, however, that a linear combination of the photon and 
A% Al gluons 

remains massless (the corresponding charge is unbroken). Instead of U(1)q, one can 
consider the charges with respect to U(1)q. In the CFL phase the mixing angle 
9 between the photon and the gluon component is obviously small. Therefore, the 
massless gauge field is is dominated by the original photon. Note that the off-diagonal 
gluons are charged with respect to the U(1)q charge. 

When we switch on nonvanishing quark masses, strictly massless excitations dis- 
appear, of course. A number of observables develop a rather contrived mass hierarchy. 
Our initial consideration will refer to a model which is semirealistic, at best. How- 
ever, it explains our basic observation in the most transparent way. We will change 
some details later to make our model more realistic. 

In the spirit of the Ginzburg-Landau theory of superconductivity we will repre- 
sent the diquark order parameters by a 3 x 3 matrix of scalar fields $ fcj4 where k and 
A are the color and flavor indices, respectively. 

3 Ginsburg— Landau effective description 

If the value of the chemical potential fi is large, QCD is in the CFL phase. The 
order parameter which develops a vacuum expectation value (VEV) is the diquark 
condensate 

® ~ £ijk^ABc \q a q J +q <!&)■> (A 1 ) 

cf. Eq. (12.11) . where q a and q a are left-handed spinors; the first one is in the triplet 
representation of the color and flavor SU(3) groups, while the second one is in the 
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antitriplet representation. The Dirac spinor of each flavor is composed from a pair 

('In- 'H- 

At first, we consider dense QCD in the chiral limit, i.e. assume that quark masses 
all vanish, 

m u = m d = m s = . (3.2) 

Later (Section [8]) we will be able to relax this condition and switch on a nonvanishing 
strange quark mass. With the vanishing quark masses the symmetry group is 

SU(3) C x SU(3) L x SU(3) K x U(1) B (3.3) 

where SU(3)i iB are the global chiral groups associated with three flavors, U(1)b is 
the global rotation associated with the baryon number, while SU(3)c is the gauge 
group. 

At small temperatures the gap (the diquark condensate) is large, while the light 
degrees of freedom are the Goldstone modes associated with the chiral rotations. 
These Goldstone modes are quite similar to ordinary pions of zero-yU QCD. The 
effective Lagrangian is a chiral Lagrangian for these pions, see [15] for a review. 

At temperatures approaching (from below) the critical temperature T c , the gap 
becomes small, and its fluctuations become exceedingly more important. It is as- 
sumed in what follows that the chiral fluctuations are small (and can be ignored) 
compared to the non-chiral gap fluctuations and and those of the gauge fields q This 
regime can be described in terms of a Ginsburg-Landau (GL) effective theory of a 
complex matrix scalar field $ fcj4 defined in ( 13.1 j) . The Ginsburg-Landau action has 
the form [201 E] B 

S = /d 4 x|^(F;J 2 + 3Tr(I? $)t(I? $) 

+ Tr (£>;$)+ (£>;$) + V(Q)} (3.4) 

with the potential 

V($) = -m^Tr ($t$) +A ([Tr ($ f <l>)] 2 + Tr (&$) 2 ) , (3.5) 

2 Strictly speaking at zero quark masses chiral fluctuations ("pions") are massless and should be 
included in the low energy effective theory. We discuss their impact in Sec. 18.31 

3 Here and below we use a formally Euclidean notation, e.g. F 2 V — 2Ffi i + Ff-, (d^a) 2 = 
(9oa) 2 + (did) 2 , etc. This is appropriate since we are going to study static (time-independent) field 
configurations, and Aq = 0. Then the Euclidean action is nothing but the energy functional. 
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where 

X? M $= (d»-iAlT*)S, (3.6) 

and T a stands for the SU(3) gaug e generator, while g 2 is the QCD coupling constant. 
The global flavor SU(3) transformations are similar, with T a acting on $ from the 
right. Various parameters in (13 .5I> are defined as follows: 



o 48vr 2 l 8vr 2 T 2 

< = m Tjr.-n *= m wv (3 ' 7) 

while iV(/z) = /z 2 / (27r 2 ) is the density of states on the Fermi surface. Note that 
our field $ in (I3.4p is rescaled as compared to that in [20j U] : its kinetic energy is 
canonically normalized. 

The critical temperature T c is much smaller than 

implying 



T 2 

m 2 ~T c (T c -T), A~-f<l, (3.9) 



Minimizing (13.5R we find the $ field VEV, 

$ vac = wdiag {1,1,1}, (3.10) 
where the value of the parameter v is given by0 

9 m„ Att 2 T c — T 9 . 

u =— r = £ ^ — 3.11 

8A 3 T c p v 7 

The diagonal form (I3.10p of the vacuum $ matrix, of the Bardakci-Halpern type 
[21], expresses the phenomenon of the color-flavor locking. The gauge symmetry of 
the Lagrangian is SU(3) while its flavor symmetry is SU(3) xU(l), see (13. 3p . The 
symmetry of the vacuum state is the diagonal SU(3)cf, 

SU(3) C x SU(3) F x U(1) B -> SU(3) CF . (3.12) 

Nine symmetries are spontaneously broken. Out of nine Goldstone modes in this 
model, eight are eaten up by the gauge bosons, which are fully Higgsed, while one - 



4 Due to the $ field rescaling in (|3.4j) our VEV v ~ /i is different from the standard definition of 
the gap which is A ~ T c . 
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a common phase of the matrix $ - survives as a massless excitation. It is associated 
with broken global baryon symmetry U(1)b. 

The spectrum of massive excitations around this vacuum can be read off [7] from 
the GL model Lagrangian (13.41) . The Higgsed gluons acquire masses 



while nine remaining scalars of the complex matrix $ fill singlet and octet repre- 
sentations of the unbroken SU(3)cf- Their masses are 



Since m g ^> m , as a consequence of the condition T c <C /i, we deal here with the 
extreme type I superconductivity [22J. 

The GL model (13. 4ft is in the weak coupling regime if we assume that 



4 Non-Abelian strings in the CFL phase 

The model (I3.4[) we use for our analysis is similar to that in which the non-Abelian 
strings were first considered in the non-supersymmetric setting [23]. Compared to the 
original version [23], we discard the U(l) gauge bosons, since in high-density QCD 
only the non-Abelian color SU(3) is gauged. The baryon current is not gauged, 
while the photon interaction with the electromagnetic current can be neglected for 
the time being due to its weakness compared to the quark-gluon interactions (see, 
however, Section [8]) . This means that the vortices we will deal with are not fully 
local. In their U(l) part they are global. This would make their tension infinite if 
the perpendicular dimensions were infinite too. In the context of dense QCD, with 
finite-size samples, this is not a problem: the logarithmic divergence of the tension 
will be cut-off by the sample size. 

The existence of non-Abelian strings, with the tension three times smaller than 
that of the U(l) global string, is due to the fact that the Z 3 center elements of 
SU(3) gaug e simultaneously belong to the global U(l). Everybody knows that 7Ti(SU(3)) 
is trivial. In arranging a topologically nontrivial winding of the scalar fields on the 
large circle encompassing the Z 3 string axis one can do the following. The needed 
2tt winding will be split in two parts (there are three possible options): ±27r/3 will 
come from U(l) while the remainder will come from rotations in the Cartan subgroup 




(3.13) 



m 1 = 2m 8 = V2m ~ y/T c (T c -T). 



(3.14) 



m g > Aqcd- 



(3.15) 



7 



of SU(3) (in other words, rotations around the third and the eighth axes, with the 
generators T 3,8 ), for instance, 



$(r — > oo, a) 



i;diag(e t£ \l,l 



Ai(r oo) 




) 



(4.1) 



where i, j = 1,2 are the directions perpendicular to the string axis and a is the polar 
angle in the 12 plane. The topological stability of the straight Z% strings is due to 
the fact that 



is nontrivial. There are three distinct Z% strings. Assembling all three such strings 
in one straight line one obtains a string with triple tension topologically equivalent 
to the global U(l) string. 

It is rather obvious that on each of the Z 3 strings the diagonal SU(3) symmetry 
is further broken down to SU(2)xU(l). Now, one can construct non-Abelian strings 
out of the Z 3 strings. To this end one must rotate the given Z 3 solution inside the 
unbroken diagonal SU(3)cf- This costs no energy; therefore orientational moduli 
associated with these rotations appear. Since the symmetry breaking pattern is 



one has four moduli fields on the string world sheet, with the CP(2) target space. 
We refer the reader to the reviews [TUJ [HI [121 03] for a detailed discussion. 

The string solution involves the global U(l); hence, it contains a power tail from 
the uneaten Goldstone boson. This tail results in the logarithmic divergence of the 
string tension which is well familiar to the global strings explorers. We have already 
mentioned this circumstance above. 

More specifically, following the general procedure (see [23] or the review paper 
[j~2] ) we parametrize the solution for one of the Z 3 strings, say, that in (14. ip . as 
follows: 




SU(3) CF -> SU(2) x U(l) 



$(r, a) 



diag(e ia 0i,0 2 ,02) 




(4.2) 
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where 0i(r), <p2 (r), and f(r) are scalar and gauge profile functions of the string, 
respectively. They satisfy the obvious boundary conditions 

0i(O)=O, 

/(0) = 1, (4.3) 

at r = 0, and 

<pi{oo) = v, <p 2 (oo)=v, 

/(oo) = 0, (4.4) 
at r = oo. Then the solution for the non-Abelian string can be written as 

$ = e ^ 3 ^[20 2 + 1 ] + e lQ / 3 (0 1 -0 2 ) (n -n-^j , 



Ai = [n ■fi--)ei j ^f(r), (4.5) 



1 \ Xj 

3 J El3 r 2 

where n A (A = 1, 2, 3) are complex orientational moduli^of the string parameterizing 
the CP (2) moduli space, \n A \ 2 = 1. The profile functions of the non-Abelian strings 
satisfy the second order equations of motion, 

r---C( 1+2 /)^ + T^-^^ = o, 

r 3 3 

0i 1(1 + 2/2, l9y n 
r 9 2 a0i 



where primes denote differentiations with respect to r. Here V is given by (13. 5p . and 
we note that dV/dfyip ~ Wq(0i,2 — u) are rather small due to the smallness of mo- 

These equations were studied in [21]. A feature of the non-Abelian string in the 
CFL phase is the power fall-off of the singlet scalar profile function at spatial infinity 



5 Ai is a matrix; correspondingly, n ■ n should be understood as n l rij. The bar stands for the 
complex conjugation. 
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due to the presence of the corresponding massless Goldstone. From (14.61) we find 
that at r — > oo (r ^> 1/mo) the profile functions behave as [24"] 



~ fDn ~ 



' 3mfr 2 ~'~ 



-»2. 



we- mor , /~ e - mor . (4.7) 



In [21] solutions to Eq. (14. 6 p were found numerically. Here, to study these equations 
analytically, we will apply the method used for the Abelian strings in the extreme 
type I superconductors [25]. At distances r < l/m , the string profile functions in 
fact have a two-scale structure due to smallness of the ratio of the scalar to gluon 
mass. At l/m g C r < 1/mo, the gluons can be considered as heavy, and we can 
neglect the gauge kinetic term. This boils down to dropping two first terms in the 
first equation in (14. 6p . Then, this equation becomes algebraic and yields 

ttJl (48) 
; 0| + 20? • ^ 

Substituting this result in the two last equations in (14. 6 p we find the approximate 
solution in a simple form 

(pi^bv (m r) + . . . , 
2 ^[1 + O((m o r) 4 )], 
/ « 1 - 3b 2 (m Q r) 2 + ..., 

l/m g < r < 1/mo , (4.9) 

where the expansion goes in powers of (m r) 2 , while b is a number, b ~ 1. Here we 
use the fact that both the singlet and octet scalar masses are of the same order ~ m 
much less then the gluon mass m g , see (I3.13p . (I3.14p . 

Properties of the Z 3 strings in application to the CFL phase of dense QCD were 
also considered in [251 El El EU M\ ■ 



5 On the string world sheet 

The low-energy description of massless excitations on the string world sheet includes 
two decoupled sectors: the two translational moduli and four orient at ional. The 
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translational moduli are described by the Nambu-Goto action with the constant T 
which logarithmically diverges, 

Sng = T J d 4 x £ NG , T = 2tcv 2 In (Lm ) , (5.1) 

where L is a typical size of the color-flavor locked medium. This part is well known 
and will be of no concern to us here. 

The orientational moduli's interaction is governed by CP(iV — 1) (with N = 3 
in the case at hand). In the non-supersymmetric setting this model was shown to 
appear on the world sheet of a non-Abelian string in [23]. For non-Abelian strings in 
the model (13 .4p the effective world-sheet theory was obtained in [29J. In the gauged 
formulation the CP (2) model takes the form 

S CP{ 2) = 2/3 J dtdx 3 1 3 \V n A \ 2 + \V 3 n A \ 2 } , (5.2) 

where (3 is the CP(2) coupling constant, while the complex fields n A (A = 1, 2, 3) are 
orientational moduli of the string promoted to world-sheet fields , see ( I4.5jl . They 
transform in the fundamental representation of SU(3). These fields are subject to 
the constraint 

n A n A = l. (5.3) 
The n fields have a U(l) charge which is gauged, 

V a n A = (d a - iA a ) n A . (5.4) 

The two-dimensional photon field A^ has no kinetic term in the Lagrangian ( 15. 2 p 
and can be viewed as auxiliary, 

A a = l - (n A d a rr 4 ) . (5.5) 

It does acquire a kinetic term in the solution of the model, however, which plays an 
important dynamical role. 

The coupling constant (3 is determined by substituting the solution for the non- 
Abelian string ( 14. 5 p in the kinetic terms of the bulk action (13 ,4p and assuming that 
the moduli n A has a slow adiabatic dependence on the the world sheet coordinates t 
and x 3 . We also use the following expressions for the A and A 3 components of the 
gauge potential [231 12] : 

A a = —i [d a n • n — n • d a n — 2n ■ n(nd a n)~\ p(r) , a = 0, 3 , (5.6) 
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where we introduce a new profile function p(r) with the boundary conditions 



p(oc)=0, p(0) = l. (5.7) 

The function p(r) in Eq. ( 15.61) is determined through a minimization procedure (3j 
HI [23j H2] which generates p's own equation of motion. 

This procedure leads us to the CP (2) model (15. 2h where coupling constant (3 is 
determined by the integral 




Then the equation for the profile function p is 

-^P-lTr p -h f2{1 - p) + T^ + ^''-T^-' h ' >2 = - (5 ' 9) 

In Ref. [29] it was shown that, despite of the presence of the power fall-off of the 
string solution, the coupling /3 is finite, i.e. the orientational modes of non-Abelian 
string are normalizable. The reason for this is that the only profile function with 
the power fall-off is that of the singlet component of the scalar field [21], see also 
(14. 7p . On the other hand, the coupling (3 is associated with dynamics of the string 
orientational moduli and, therefore, is determined by the octet component of the 
scalar field and the gauge profile functions which have the exponential fall-off. In 
particular, at r — > oo, the function p behaves as 

p rsj e - 2mor . 

The main contribution to the integral in (15 .8p comes from the region of interme- 
diate r, 

l/m g < r < l/m . 

In this domain we can neglect, as previously, the kinetic term of the gauge field. This 
leaves us with only two last terms in Eq. (15. 9p . The equation becomes algebraic, 
and we can can write 




(5.10) 
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Substituting here the expansions ( 14 .71) and ( 14.91) we get an estimate for the coupling 

Unfortunately, we cannot calculate the constant c from the expansions (14 .71) and 
( 14. 9p ; we only know that c ~ 1. Numerically, was calculated in [2H] for different 
values of the masses m g , m x and m 8 . On the other hand, our estimate has all virtues 
of the analytic expression. 

We see that /3 is rather large. The reason for this is that the fall-off of the string 
solution is controlled by the small scalar mass rriQ. 

In quantum theory the coupling constant of the CP(2) model runs. The CP(iV— 1) 
models are asymptotically free and generate their own scale Aqp- The estimate ( 15. lip 
is classical and refers to the scale which determines the inverse thickness of the string 
[T2] given by mo. This is because the CP (2) model (15. 2p is an effective low-energy 
theory on the string world sheet. Its physical ultraviolet cut-off is given by the inverse 
thickness of the string. This implies 

47r/3(m ) = iV In -r— — - , N = 3, (5.12) 

an equation determining the scale Acp of the effective world sheet theory for the 
non-Abelian string. From (15.121) we get 

(Attc v 2 \ 
— 77 o < m o> N = 3. (5.13) 

We see that Kqp is exponentially small. Note that for the BPS-saturated strings in 
M = 2 supersymmetric QCD the relevant parameter Kqp turns out to be equal to 
the scale A of the bulk theory. This feature is specific for M = 2 supersymmetry. In 
the CFL phase of dense QCD such an equality does not hold. The reason is that we 
deal with the extreme type I superconductivity in the case at hand. 



6 Kink-antikink mesons at large N 

The CP (A — 1) model at large N was solved in [301 13T] and the qualitative features 
of this solution are known to stay valid down to N = 3 and even N = 2. Below we 
will outline the features which are important for our purposes. 

In the CP (A — 1) model the genuine vacuum state is unique. However, there 
are of order N quasivacua |32j (local minima of the "potential"), which lie higher in 
energy than the genuine one. (Fig. [T]). 
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Figure 1: The vacuum structure of the CP(A r — 1) model with the vanishing vacuum angle. 
The genuine vacuum is labeled by k = 0. All minima with k / are quasivacua. 

A family of quasi- vacua have energies 



The energy split between two neighboring (quasi)vacua is 0(1/ N). In fact, the fields 
n and n represent kinks and antikinks interpolating between the genuine vacuum and 
its neighbors. Since their energies are non-degenerate neither kinks nor antikinks can 
exist on the string in isolation. Only the kink-antikink pairs - mesons - are allowed. 

A kink-antikink configuration on the flux tube is shown in Fig. [2j It is pretty 
obvious that the energy of this configuration linearly depends on the distance between 
n and n, so that these kinks are confined along the string and form a meson. 

We see that the splitting at large N is A^ p /N, while the mass of an individual 
kink is of the order of Acp, 



Thus, the distance between kinks in the meson is ~ N/Acp, i.e. much larger than 
the size of the individual kink (~ 1/Kcp)- Hence, the kink and antikink are well 
separated inside the bound state, the meson. Since the n kinks are in the fundamental 
representation of the global SU(AQ CF symmetry j3H [33] , the mesons can be of two 
types: SU(A r ) CF singlets or adjoints. Mesons with the quantum numbers of the 
adjoint representation cannot decay because the global SXJ(N) C f is unbroken and 
this global quantum number is conserved. Given that kink and antikink are well 
separated inside such a meson (provided the string is sufficiently long, which we 
assume, of course) it is clear that the kink-antikink mesons are in fact the lightest 
adjoint states and are stable. This conclusion is supported by the exact solution of 





(6.2) 
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Figure 2: A kink-antikink state in the CP(iV — 1) model. In the nonsuper symmetric 
version the vacuum 2 is a quasivacuum whose energy density is higher than that of the 
genuine vacuum 1 by ~ Aqp/N. 

the CP(1) model [31] demonstrating stability of the kink-antikink mesons even at 
N = 2. 

7 Confined monopoles in the CFL phase 

What is the bulk interpretation of kinks interpolating between the neighboring 
(quasi)vacua of world-sheet CP(iV — 1) model? This problem was studied in de- 
tail in supersymmetric gauge theories [21 IH El EI2] , and the answer is known. 

The non-Abelian strings were first found in M = 2 supersymmetric QCD with the 
gauge group U(iV) and Nf = N where Nf is the number of the quark flavors. The 
scalar quarks (squarks) develop condensate of the color-flavor locked form which leads 
to formation of the non-Abelian strings. M = 2 supersymmetric QCD have adjoint 
scalar fields along with the gauge fields form the M = 2 vector supermultiplet. These 
adjoint scalars develop VEVs as well, Higgsing the gauge U(AT) group down to its 
maximal Abelian subgroup, which ensures existence of the conventional 't Hooft- 
Polyakov monopoles in the theory. The squark condensates then break the gauge 
U(Af) group completely, Higgsing all gauge bosons. Since the gauge group is fully 
Higgsed the 't Hooft-Polyakov monopoles are confined. As we know, in the Higgsed 
U(N) gauge theories the magnetic monopoles show up only as junctions of two 
distinct elementary non-Abelian strings [351 IH E] • 

Now, let us verify that the confined magnetic monopole in the case at hand, 
CFL phase of dense QCD, is a junction of two strings seen in the two-dimensional 
CP(N — 1) model at = 3. Consider the junction of two Z 3 strings given by 
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(14.51) . Three distinct Z3 strings mentioned above correspond to three choices of the 
orientation vector n A , 



n A = (1, 0, 0) , n A = (0, 1, 0) , and n A = (0, 0, 1) , 
see (14. 2p . The magnetic flux of the junction of say, n A = (1, 0, 0) and n A = (0, 1, 0) 



strings is given by the difference of the fluxes of these two strings. Using (14.51) we 
get that the flux emanating from the junction is 



This is exactly the flux of the 't Hooft-Polyakov monopole with the magnetic charge 



where (n3,n§) are the magnetic charges with respect to T3 and Tg generators of 
SU(3) gauge , respectively. 

Similarly, two other string junctions, namely n A = (0,1,0), n A = (0,0,1) and 
n A = (0, 0, 1), n A = (1, 0, 0), have the magnetic fluxes equal to the fluxes of two other 
elementary monopoles in SU(3) (i.e. given by two other roots of SU(3) algebra), 
namely, 



How this picture is seen in the effective world-sheet theory on the non-Abelian 
string? For M = 2 supersymmetric bulk theory the world-sheet CP(N — 1) model 
is also supersymmetric and has N degenerate vacua. The elementary non-Abelian 
strings are in fact represented by iV distinct vacuum states in the effective world- 
sheet CP(N — 1) model, while the confined monopoles are the kinks interpolating 
between these distinct vacua [U El [35] . 

Now, we can add a mass m a dj int to the adjoint scalars, increase it eventually 
tending to infinity and decoupling these adjoint scalars from the bulk theory (this 
breaks supersymmetry in the bulk down to Af = 1). What happens to the con- 
fined monopoles? The orientational moduli of the non-Abelian fluctuate, with their 
fluctuations becoming exceedingly stronger as m a dj int grows. When m a dj int 3> A 
strings' fluxes no longer particular directions. Fluxes are smeared over the whole 
group space. Since the adjoint scalars are no longer present in the theory, naively it 
seems that there are no 't Hooft-Polyakov monopoles. At least they are not seen in 
the quasiclassical approximation. 



4tt x diag- {1, -1, 0} , 



(7.1) 



(n 3 ,n 8 ) = (1,0) , 



(7.2) 




(7.3) 
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In the world-sheet theory this corresponds to a highly quantum, strong coupling 
regime. However, we know that in this regime still there are N degenerate vacua in 
the world sheet CP(iV — 1) model [36j E3 EE] . Moreover, there are kinks interpolating 
between these vacua. They are stabilized by quantum effects and have a non-zero 
mass (of order A^-p) and finite size (of the order of A^ p ). It is clear that these 
kinks correspond to confined monopoles of the bulk theory in the highly quantum 
regime. More exactly, we should say that they represent what becomes of the confined 
't Hooft-Polyakov monopoles deep in the quantum non-Abelian regime when they 
cannot be seen in the quasiclassical approximation. 

If we break supersymmetry in the bulk even further, down to nothing, the vacuum 
energies of the CP(N — 1) model split, as was explained in the previous section [23J. 
Kinks and antikinks are confined along the string and form kink-antikink mesons. 
The kink confinement in the two-dimensional CP model can be interpreted [23] as 
the following phenomenon: the non-Abelian monopoles, in addition to the four- 
dimensional confinement (which ensures that the monopoles are attached to the 
strings) acquire a two-dimensional confinement along the string: a monopole-antimo- 
nopole pair forms a meson-like configuration, with necessity. 

Moreover, as was shown in [2U E3] for the CP (AT — 1) model, the kinks belong 
to the fundamental representation of the global group SU(AQ CF . Therefore, the 
monopole-antimonopole mesons which belong to the adjoint representation with re- 
spect to this group are stable. 

What lessons can we learn from this "supersymmetry saga" for dense QCD? 
We might think that there is a certain deformation of the GL model ( 13.4ft which 
includes adjoint scalar fields. If these fields develop VEVs, the conventional 't Hooft- 
Polyakov monopoles are formed. If in addition, the diquark condensate that develops 
in the color-flavor locked phase, produces non-Abelian strings which confine these 
monopoles attaching them to the strings. These confined monopoles are seen as 
loosely bound kinks in the CP (AT — 1) model on the string world sheet. 

Now we give a mass to the adjoint scalars, eventually decouple them in the bulk 
theory ending up with our GL model (13 .4p . No monopoles can now be found in the 
quasiclassical approximation. However, we are aware of their presence: they manifest 
themselves as confined monopoles seen as kinks on the non-Abelian strings. 

Due to the quantum splitting of the string tensions (the vacuum energies in 
CP(AT — 1) model split, see (16.1jl ) the magnetic monopoles cannot move freely along 
the string. Monopoles are bound with antimonopoles in the monopole-antimonopole 
mesons on the string. However, as long as the string is very long and the splitting 
is small, the monopole and antimonopole in the pair are well separated inside the 
meson, and our conclusion of the presence of the confined monopoles in the CFL 
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phase of QCD stays intact. 

It is plausible to suggest that these monopoles become unconfined as we reduce 
fi and cross the phase transition line into the normal phase of QCD at smaller 
temperatures and chemical potentials. Although this is a pure speculation, of course, 
but, if so, they might condense in this phase triggering the quark confinement. 

8 Towards a more realistic setting 

Now we will try to work out a more realistic setup, to make details of our analysis 
closer related to actual dense QCD, with three flavors of unequal mass. 

8.1 N = 3 

In the real world N is not so large, N = 3. Therefore, strictly speaking, the large- N 
solution of the CP(iV — 1) model [31] briefly reviewed in Section [6] does not apply. 
However, as was mentioned in Section |6l the qualitative features of this solution 
are valid for not-so- large N such as N = 3 and even N = 2. Indeed, at N = 2 
the model was solved exactly [34] . Zamolodchikovs found that the spectrum of the 
0(3) model (equivalent to the CP(1) model) consists of a triplet of degenerate states 
(with mass ~ A^p). At iV = 2 the action (15. 2 p is built of doublets. In this sense one 
can say that Zamolodchikovs' solution exhibits confinement of doublets. This is in 
qualitative accord with the large- N solution [31] . 

In our case (N = 3) we have two quasivacua, in addition to the lowest-energy 
state, the vacuum, and a triplet of kinks which, because of their linear attraction, 
are confined and form singlet and octet mesons on the string. 

The question we address here is: given a state belonging to the adjoint represen- 
tation of SU(3)cf, can we say whether this state is a "perturbative" Higgsed gauge 
boson, or a kink-antikink meson? In other words, if the kink comes too close to 
antikink, can they annihilate into the perturbative state with the same SU(3) global 
charge? 

Here the analogy with the supersymmetric setting is useful (although the string 
vacua are not split in supersymmetric CP(iV — 1) models). In the quasiclassical 
regime, outside the so-called curves of the marginal stability (CMS), perturbative 
states are present in the spectrum of the CP((iV — 1) model, while inside CMS, in 
the strong coupling domain, they just do not exist as stable states. They decay into 
the kink-antikink pairs [38| |39| HQ]. In the non-supersymmetric CP(iV — 1) models 
we do not have that degree of control over the spectrum, while the curves of the 
marginal stability are replaced by the phase transition lines. However, qualitatively, 
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the analogy with supersymmetric case is instructive Due to string vacua splitting 
the kink and antikink cannot fly apart along the string, If N is large we have well- 
separated monopole and antimonopole in such a meson, as was explained in Sec. 
[61 Even if N is not large, say, N = 2, it is almost impossible to think that the 
Zamolodchikov triplet is anything other than a kink-antikink bound state. This is 
in line with the supersymmetric case which shows that there are no "perturbative" 
stable states inside CMS in the strong coupling domain. 

Now, let us translate this two-dimensional picture in terms of strings and mono- 
poles of the bulk theory. At large N monopoles and antimonopoles are well separated 
on the non-Abelian string at hand, and we can clearly identify these states in the 
theory. Moreover, even if N is not that large, the analogy with the supersymmetric 
set-up tells us that the adjoint string-attached mesons are most likely formed by 
monopole-antimonopole pairs. This is true as long as the splitting of non-Abelian 
strings is a quantum strong coupling effect determined by the CP(N — 1) scale A.cp, 
see (I6U|) . 



8.2 Non-zero strange quark mass 

Now we will move on towards reality in another direction, considering the effect of 
the nonvanishing strange quark mass m s (we will continue to assume that the u and 
ci-quarks are strictly massless), 

m u = m d = 0, m s ^0. (8.1) 

For small nonvanishing m s the GL potential (13. 5p acquires the following correction 

5V{$) = e + (8.2) 

which affects only quadratic terms in the Lagrangian, while the corrections to A is 
negligible. Here the contraction of color indices is assumed, while the parameter e is 

^ = ^4^--- (8-3) 
7C(3)V c T c K ' 

As a result, the VEVs of the diquark fields change, namely, 

($) = <\\&g(v u ,v U) v s ) , (8.4) 

where 

2 ml - 2e 2 ml + 2e , _. 

vi = — , v; = — . (8.5) 
8A s 8A v ; 
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We see that the us and ds condensates are smaller than the ud condensate. The 
nonvanishing difference between v s and v u = Vd breaks the residual global color- 
flavor symmetry, 

SU(3) CF -»■ SU(2) CF x U(l) . (8.6) 

Only the reduced color-flavor locked SU(2) C f survived the perturbation. 

It is worth mentioning that when we switch on the strange quark mass pertur- 
bation in (18.2p . we do not take into account the effect of the overall charge charge 
neutrality. The latter leads to shifts in the chemical potentials of u, d and s quarks 
proportional to the chemical potential of the electrons [JT]. These shifts effectively 
further break SXJ(2) C f because the electric charges of the u and (i-quarks are differ- 
ent. For our purposes it is alright to neglect this effect since we do not address in 
this paper dynamical processes in the actual neutron stars. 

Instead, we consider a gedanken QCD at large chemical potential /i, switching 
off electromagnetic interactions. No electrons are present in our system, just the 
quark-gluon matter. In this system the nonvanishing mass of the strange quark does 
not break the SXJ(2)cf global symmetry. This is an important difference between 
our results concerning the confined monopoles and those reported in [7J, see below. 
The degree of relevance of this gedanken dense QCD, and consequences that ensue, 
to actual experiments on the quark-gluon plasma is to be investigated. 

The split (18. 5 p breaks SU(3)c.f and lifts some of the orientational modes of the 
non-Abelian string. This can be described by a small potential on the modular space 
of the string, i.e. a potential term in the model ( 15. 21) . In supersymmetric theories 
the scalar potentials in the CP(iV — 1) models on the string world sheet induced by 
the squark mass differences were calculated in jH [5]. At the same time, for dense 
QCD this problem was addressed in [7J. 

To calculate this potential to the leading order in the small parameter e in (18. 2p 
we can still use the solution (14. 5p where the profile functions are unchanged. The 
only modification is that the common value of the scalar profile functions at r — > oo 
in (I4.4p should be modified as 

v^v, v 2 = ° gA 3 , (8.7) 

which is the average value for the three VEVs in (18.41) . The potential (V + 5V) gives 
the tension of the string 2-kv 2 In (Lmo) plus a finite (nonlogarithmic) contribution 
which depends on the moduli fields n A . It is given by 

| J d 4 xTr [$ t diag(l,l,-2)$] . (8.8) 
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Now, substituting here Eq. ( 14. 5ft we get the potential in the deformed CP (2) model 
on the string world sheet, to the leading order in e/m^, 




dt dx^ (377,3 — l) 



(8.9) 



where 




2 ; 



(8.10) 



Here we used the expansions (14.71) and (14.91) to make the last estimate. 

From (18. 9p it is clearly seen that with m s 7^ the (0, 0, 1) string has a significantly 
larger tension than the (1, 0, 0) and (0, 1, 0) strings and is, in fact, classically unstable. 
It is not even a local minimum of the potential (rather, it corresponds to a maximum). 
Note that the parameter u is much larger than the quantum scale Kqp of the CP (2) 
model, a crucial circumstance. Therefore, the classical splitting by far dominates 
over the quantum one in ( 16. lft . 

This instability means, in particular, that the monopole-antimonopole meson 
formed through the insertion of a piece of the (0, 0, 1) string in the (1, 0, 0) or (0, 1, 0) 
strings (see Fig. [2]) is highly unstable and decays into a perturbative state with the 
same global (singlet or adjoint) quantum numbers with respect to the unbroken 
SU(2)(^p x U(l). This corresponds to the process in which monopoles with the 
magnetic charges given in (17.31) are annihilated with their antimonopole partners 
inside the monopole-antimonopole mesons. Correspondingly, the monopoles with 
these magnetic charges disappear from the string. 

The potential in (18.91) shows that the n 3 field is heavy and can be integrated out 
from the CP(2) model under consideration. Then we are left with the CP(1) model 
( 15.21) on the string world sheet, which includes now only the fields n l and n 2 , and no 
potential on the target space. Its global group SU(2)cf remains unbroken. 

In the quantum regime two non-Abelian strings whose low-energy dynamics is 
described by this CP{1) model (the CP{1) vacua) are split, as was discussed in Sec. 
El see (16.11) . There are mesons on the strings with the lowest tension which include 
pieces of the excited string. These are formed by monopoles and antimonopoles 
with magnetic charges classically given by (17. 2p . (Remember, in the quantum non- 
Abelian regime the magnetic monopole charge is averaged to zero.) Stable mesons 
are triplets with respect to unbroken SU (2) cf- Thus, our conclusion on the presence 
of the confined non-Abelian monopoles attached to the non-Abelian strings in dense 
QCD stays valid even in a more realistic setting of dense QCD with N = 3 and 
nonvanishing strange quark mass. 
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To conclude this section let us compare our results with those obtained in [7]. 
In [7j a realistic dense matter inside neutron stars was studied. In particular, the 
electromagnetic interactions and the presence of electrons were taken into account. 
As was mentioned above, this leads to the complete breaking of the non-Abelian 
color-flavor symmetry SU(3)ci7 — > U(l) 3 , All three strings are classically split by 
the strange quark mass. Two excited strings become classically unstable, and the 
monopoles effectively disappear from the string. They are annihilated by the would- 
be antimonopoles. 

In our paper we do not attempt to study realistic neutron stars. Instead, we fo- 
cus just on the quark-gluon matter in dense QCD, and demonstrate that in the CFL 
phase there are confined magnetic monopoles attached to the non-Abelian strings. 
Whether or not the quark-gluon plasma can exist in terrestrial experiments suffi- 
ciently long allowing for the formation of long non-Abelian strings is a separate issue 
left for further studies. 

8.3 Non-zero u and d-quark masses 

Now let us introduce nonvanishing u and d quark masses, 

m u = m d <t: m s . (8.11) 

We stress that we assume that u and d quarks are strictly degenerate. This ensures 
that the color-flavor group (I8.6P remains unbroken. The introduction of the common 
u and d quark mass just shifts the parameter m (and A) in the GL model (13 .4p 
leaving our results intact. 

Another effect due to m u = ^ is that now "pions" become massive. Their 
masses were estimated (see e.g. the review [15]). 

T c 

m n ~ y/m u m s — . (8.12) 

For reasonable values of the quark masses the "pion" masses are rather small, ~ 
n^u,d (6T C / fi). In particular, they are smaller than the Higgsed gluon mass constrained 
by the week coupling condition ( 13.151) . Strictly speaking, this means that we cannot 
totally ignore "pions" in our GL effective description (13. 4 p of QCD in the CFL phase. 
They should be included in consideration of the low-energy theory. 

The detailed study of the impact of these "pions" on the non-Abelian strings is 
left for a future work. Here we will make a few qualitative comments. First, they 
are "neutral" with respect to the gauge fields and, therefore, their presence in the 
bulk theory does not affect the classical solution (14.51) for the non-Abelian strings. 
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However, they will show up in loops producing, generally speaking, long-range tails 
of string profile functions. Effectively their presence forces the string to swell in the 
transverse dimension, acquiring the transverse size of the order of l/m n . We assume, 
however, that 

> A C p. (8.13) 

This constraint can be easily achieved since Acp is quite small, see (15.131) . 

The condition (18.131) ensures that the CP(1) model we arrived at still can be used 
for the low-energy description of dynamics of the orienational zero modes on the 
non-Abelian string. It means that the inverse transverse size of the string (although 
small) is still much larger than typical excitation energies on the world sheet, which 
are of order of A^p. Higher-derivative corrections to the CP(1) model (see (15.21) with 
N = 2) run in powers of the ratio of the typical excitation energies over m w which 
can be considered small due to the condition ( 18. 13ft . Of course, here we speak only 
about the rotational moduli fields which are responsible for nearly degenerate strings 
and kinks/monopoles. 

To conclude this section, we stress again that with m u = the color-flavor 
locked SU(2) stays unbroken. Therefore, two non-Abelian strings described by 
CP(1) model are in highly quantum regime which entails with necessity monopole- 
antimonopole pairs in the form of "mesons" attached to these strings. 

9 On the 9 dependence 

In this section we add the bulk 9 term and trace its impact on the non-Abelian 
strings and monopoles of dense QCD. 

9.1 9 term on the world sheet 

In this section we will make a few comments concerning possible effects due to the 9 
term and axions. In QCD all quarks are massive, hence, the 9 term effect cannot be 
eliminated by chiral rotations. We are interested in weather or not the 9 term affects 
the world sheet theory on the non-Abelian string in dense QCD. The nonsupersym- 
metric CP (2) model allows one to introduce a 9 term which, as usual, is coupled to 
the topological charge, 

Co = e^A v = (n^V) . (9.1) 
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Previously, in the simplest model [23] we demonstrated that the four- dimensional 
(bulk) 9 term penetrates in the two-dimensional sigma model, 



with self-evident notation. The above equality between the four- and two-dimensional 
#'s, however, is not a common property of all non-Abelian strings, see jl2] for a 
counterexample. To find out what happens in the case at hand we can substitute 
the gauge field from the string solution into the four- dimensional topological term 
and integrate over the transverse directions. As a result, we get that the equality 
( 19. 2h is fulfilled. There are nontrivial phenomena in the bulk theory at 9 = it due to 
vacuum double degeneracy. On the world sheet as well something remarkable occurs 
at 9 = ir, namely the deconfinement phenomenon. At this point the vacua in the 
and world sheet become doubly degenerate too, and the single kink-monopole state 
becomes liberated and free to move along the string. 

It is usually assumed that the 9 dependence in dense QCD is negligible since 
the instanton-induced effects are exponentially suppressed due to Higgsing and large 
values of the diquark condensates. Our discussion implies that the non-Abelian string 
provides a nontrivial environment for the 9 dependence to show up in full. 

Care should be taken of the fermion modes on the string. If there were fermion 
zero modes in the world sheet theory, the 9i+i term could be eliminated from physics 
by chiral rotations, as it happens in the supersymmetric version. If the bulk quarks 
are strictly massless the fermion zero modes on the string do indeed exist |43j. In this 
limit there is no 9 dependence on the string. However, if non-zero quark masses are 
introduced, the fermion zero modes on the string are lifted and the fermions become 
irrelevant. 

Let us comment on the interaction of the non-Abelian string in the CFL phase 
with the background fields. The simplest example of the bulk field coupled to the 
string is the axion. The string-axion interaction was considered in jH] where it was 
argued that a kind of axion halo emerges around the string, provided the string exists 
long enough for the halo to form. For shorter time intervals the string with kinks on 
it acts as an antenna for the axion emission. 

Note also that due to the Witten effect monopoles acquire the electric charge if 
the 9 term is switched on. Hence the dyons emerge and the monopole-antimonole 
pair gets substituted by the dyon-antidyon state on the string worldsheet. 



;+i — , 




24 



9.2 A Holographic viewpoint 



Remembering that a holographic representation in the (nonsupersymmetric) problem 
at hand can be exploited, if at all, only for a general guidance, let us have a closer 
look at the derivation of the world-sheet 9 term via holography. Note that the very 
idea to look for such holographic realization of the string and confined monopoles 
is that it could help in interpretation of their hypothetical counterparts in different 
limits of the full QCD phase diagram. 

To this end, we first comment on the known dual representation of the non- 
Abelian strings. In supersymmetric QCD with the Fayet-Iliopoulos term £ 7^ the 
non-Abelian string is represented by a D2 brane stretched between two NS5 branes 
displaced by distance £ in some internal coordinate [2] . Evidently, the tension of the 
string in the four- dimensional space-time is proportional to this distance. Similarly, 
the monopoles confined on the string are represented by the D2 branes with two 
internal world- volume coordinates [2]. 

Such non-Abelian strings as the D2 branes have a very clear-cut counterpart in 
holographic QCD with vanishing chemical potential [45, 46J. At zero temperature 
the dual geometry has the vanishing circle D2 brane that can wrap around, which 
yields a very small tension of the emerging magnetic string. Above the confinement- 
deconfinement phase transition, which corresponds to the Hawking-Page transition 
on the dual side, the magnetic string acquires a nonvanishing tension, since the 
relevant vanishing circle disappears. 

From the consideration above we have learned two well-established facts concern- 
ing non-Abelian strings in dense QCD: its tension is proportional to the diquark 
condensate squared and it carries a nontrivial 9 term on the world sheet. These 
features have to be reproduced holographically. Since we deal with conventional 
(nonsupersymmetric) QCD, the best we can do is to work with the Sakai-Sugimoto 
model jH] which is a version of the black-hole background [33] and qualitatively 
seems to reproduce basic QCD phenomena. It involves in the thermal case two peri- 
odic coordinates x§,tE, radial coordinate U and the internal S 4 manifold. Below the 
phase transition the (£5, U) coordinates provide the cigar-like geometry, while above 
T c it is the (tE,U) pair that yields this cigar-like geometry. 

Let us try to argue that within the Sakai-Sugimoto type models the best candi- 
date for the non-Abelian string is a wrapped D6 brane in the geometry of the charged 
black hole, much in the same spirit as in [32]. The black hole charge corresponds to 
density in the holographic picture. The D2 realization cannot reproduce the correct 
string tension; hence, a higher-dimensional D brane has to be involved. If there 
are no S 2 cycles in the background there is no simple possibility to get the correct 
tension from the D4 brane. However, we cannot fully exclude the latter option with 
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a more contrived background. 

Consider the candidate D6 brane wrapped around S* 4 and extended along x 5 . 
The Chern-Simons term on its world volume reads as 



where Co oc #3+1 

If we assume that the integration runs over the whole £5 circle we get a con- 
tradiction with the field-theoretical calculation because of the N factor. To avoid 
this contradiction we assume that the integration runs over the segment of the 25 
circle between two flavor branes involved in the diquark condensate, which yields 
an additional j^- = factor. The tension of the string is given by the area of 

the corresponding disc, by the same token as in [12]. Hence we can qualitatively 
reproduce the required features. However, since there is no clear-cut holographic 
representation of the CFL phase of dense QCD in the Sakai-Sugimoto model yet, 
this D6 interpretation certainly calls for an additional study. 

10 Conclusions 

What has been achieved in this work? We started from the earlier observation of 
non-Abelian strings in the color-flavor locked phase of dense QCD below T c . These 
strings develop orientational zero modes, which become dynamical fields of the CP (2) 
model on the string world sheet. The above model supports kinks (antikinks) which 
are confined to the string, and, moreover, confined into kink-antikink bound states 
along the string, albeit the kink constituents are still identifiable. 

The most nontrivial part of our further argument is as follows. We show that the 
kinks appearing in the world-sheet theory on these strings, in the form of the kink- 
antikink bound pairs, are, in fact, magnetic monopoles, as they manage to adapt and 
survive in such a peculiar form in dense QCD. The kinks of CP (2) are the descendants 
of the 't Hooft-Polyakov monopoles — the latter appear in the quasiclassical regime 
while the former are the objects appearing in the highly quantum regime. Our 
considerations are heavily based on analogies and inspiration we abstracted from 
certain supersymmetric non-Abelian theories. 




(9.3) 



and the integral over S 4 



yields the factor N amounting to 




(9.4) 
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This is the first ever analytic demonstration that the magnetic monopoles are 
"native" to non-Abelian Yang-Mills theories such as QCD (albeit our analysis ex- 
tends only to the phase of the monopole confinement and has nothing to say about 
their condensation). Abundant speculations can be presented here, but we will re- 
frain from them at this stage in the hope that a solid consideration allowing one to 
move towards the monopole condensation can be worked out later. 

In conclusion, let us comment on possible signatures of the non-Abelian strings 
in the neutron stars. The baryon chemical potential in these stars depends on the 
location of the domain under consideration, and increases towards the star center. In 
other words, the CFL phase can be realized in a certain domain at a certain distance 
from the star center. The non-Abelian strings can be created via rotations of the 
neutron star [4"9] . 

The key question concerns specific detectable signals from the non-Abelian strings. 
Being created by some mechanism, the non-Abelian string could emit axions from 
inside the star. Another question which can be raised concerns the moving string. 
Assume that the string moves towards the boundary of the star from the domain 
inside the star with the CFL phase. At a certain distance from the center the CFL 
phase becomes impossible, i.e. the non-Abelian string solution is no longer sup- 
ported. This means that at this point the non-Abelian strings have to somehow join 
into the Abelian string excitations existing in the subsequent 2SC phase. 

Finally, we would like to mention a very recent paper on non-Abelian strings in 
dense QCD [50J where interactions of string degrees of freedom with light bulk fields 
are studied. 
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